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ABSTRACT

This paper discusses the computation and utilization of singular values and singular
vedors in the solution of very large inverse problems that arise in the study of physicd
models for the internal structure of the Earth. In this gudy, the Earth is discretized into layers
and the layers into cell s, and travel times of sound waves generated by eathquakes are used to
construct the models. The underlying numerica models correspond to sparse matrices with
dimensions up to 1.3x10°-by-3x10°. Singular values and singular vedors of these matrices are
then computed and used in the solution of the inverse problems and to estimate uncertainties.
The paper outlines the formulation adopted to model the Earth and the strategy employed to
compute singular values and singular vedors, shows results for two models that have been
studied, and comments on the main computation issues related to the solution of these
problems on high performance parallel computers.

1. INTRODUCTION

The solution of many pradical problems is based on the computation of eigenvalues A
and eigenvedors z of an n-by-n sparse matrix A, that is to say, the computation of non trivial
solutions of the problem®

Az= )z @
Eigenpairs are used to study configuration of molecules, neutron fluxes in nuclear power
plants, dynamic properties of structural models, etc®>. Our application corresponds to a
variation of (1). In particular, we are interested in the singular value decomposition® (SVD) of
an m-by-n matrix G,

G=UzV’, @)
where U =[u, u,...u,] and V =[v, Vv,...v.] are mby-r and n-by-r matrices, respectively,
satisfying U'U =1 and V'V =1 , where | is an identity matrix of appropriate dimension, and
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2 =diag(o,,0,,...0,), 0,20, 2...0,, r =min(m,n). The olumns of U are the left singular
vectors, the mlumns of V are the right singular vectors, and the entries in Z are the singular

values. The SVD alows the computation of generalized (or pseudo) inverses, which are
important for the solution of inverse problems®. The generalized inverse of G is defined as™*

G'=vz'UT, ©)
where £ =diag(y/o, ,10,....1/0,) . The solution of inverse problems is required in many
applications, such as sitellite navigation, medical tomography, image enhancement and
seismic tomography. Basically, given a set of physicd data, the goal in such applicationsisto
estimate a set of model parameters describing the problem at hand. Also important is to

determine limits of the inferences that can be drawn from the data. In practicd analyses, G
and its generalized inverse ae gproximated by atruncaed o low-rank SVD, that isto say,

G =Gy =UrZ (4a)
G' =G} =V, Sy, (4b)
where U, =[u, U,...u,], V, =[v, v,...v,] and X, =diag(o,,0,,...0,), k<r.
Problems (1) and (2) are strongly related to ead other because u, v ando can be
obtained by means of the eigenvalue problems
(G'G)v = Ay, (5a)
(GG"u=Au, (Sb)

where A =¢?. One of these two eigenvalue problems is of order m; the other is of order n.
Whichever problem is of larger order has m-n additional eigenvalues equal to zeo.
Alternatively, one @an compute the SVD by solving the augmented eigenvalue problem®

P omn..p
6
0o 0O ©)

where A =+0¢. This problem also has m-n additional eigenvalues equal to zero. Similarly to A
in problem (1), G is usually sparse and its dimensions can be very large. Also, several
hundred singular values and singular vedors may be required in some goplications. Therefore,
preserving and exploiting sparsity is critical to finding solutions efficiently, which means that

G'G and GG’ in (5) should not be explicitly computed sincethey are likely to be full.

In the last few decales, models of the 3-D seismic structure of the Earth have become
increasingly sophisticated®®”. It is known that the 3-D distribution of density, temperature ad
the P (compressional) and S (shea) velocities within the Earth have adired relationship to its
dynamics. A grea variety of studies have been made possible due to a continuous
acawmulation of seismic data aound the globe, advancements both in instrumentation and
data analysis, our ability to model processes in the Earth, such as mantle and core mnvedion®,
and the development and implementation of efficient algorithms for deding with inverse
problems®. Since there is no dired means of sampling the interior of the Earth, information
must be derived indirectly, mainly from measuring the travel time of seismic waves as they
crossthrough the Earth. The signal source is an eathquake and the receivers are more than
1,000 seismographic stations around the globe.

This paper is concerned with some of the lculations that are required to obtain a
physicd model for the internal structure of the Earth. In this gudy, the Earth is discretized
into layers and the layers into cdls. The velocity of wave propagation in each cell is
represented by a set of parameters which ac@unt for anisotropy, locaion and correction of

a Basically, the Earth is formed by a crust, a mantle and a core. The aust is about 8 km thick under the oceans and 40 kn under the
continents. Below the aust and roughly 3000 km thick isthe mantle, which is sparated into upper and lower portions. Below the mantle are
Earth’s outer and inner cores.



sources and receivers, etc. These parameters are written in matrix form and the goal is to fit
the model by means of some known data. Travel times of sound waves generated by
eathquakes are used to construct the model. The underlying numerical models correspond to
sparse matrices with up to 1.3x10° rows (the number of travel times used), 3x10° (the number
of parameters in the model) and 5x10° non zero entries. Singular values and singular vedors
of these matrices are mmputed and used to solve the inverse problem and to estimate
uncertainties. Although sparse, such problems are difficult to ded with since alarge subset of
singular values and singular vedors may be required for a proper estimation of spatial
resolution and uncertainties.

In the following sedions we outline the formulation adopted to image the Earth and
the strategy employed to compute singular values and singular vedors, give results for two
models that have been studied, and comment on the main computation issues related to the
solution of these problems on high performance parallel computers.

2. METHODOLOGY

In this sedion we outline the representation of Earth’s gructure, the estimation of
velocity variations in the eittire Earth and the assessment of the resulting estimates. The
procedure is akin to constructing a CAT scan in medical imaging.

Representation of the structure of the Earth

Several classes of parameters have to be taken into account in order to represent the
complexities of wave propagation through the Earth®®’. Let us consider a travel time for a
phase of type k (P,SPP,PKPbc...) observed at sation i, asociated with eathquake j, dt;,.In
our model we solve for shifts in the depth, latitude and longitude of the eathquake and shifts
in the eathquake origin time, oh!, | =1,2,34, and include station delays for compressonal

and shear phases read at eat station, &s', | =1,2. The velocity is assimed to be @nstant in

each cell and the unknowns represent deviations from the average layer velocity, dv. We
model the velocity of sound waves traveling in the Earth.

Robust estimation

The relationship between the change in arrival time and the structural parameters of
the Earth is non linear. However, it is thought that the deviations from a purely radial
variation are small. Therefore, a Taylor series expansion truncaed to the first order produces
alinea equation relating arrival time deviations to perturbations in Earth’s gructure’,

5t _%atijk +Z h|_|_Z J Z Kk 51 %atijk o

k= 2500 ab' 4 od (7)
for the k-th phase arival time assomated with event |, recorded a gation i, where ns, np and n,
are functions of the ray path. Given alarge wlledion of arrival times from various surce ad
receiver combinations, we can infer variations in the structure of the Earth. The relationship
between the vedor of traveltime deviations, dt, the vedor of velocity perturbations, dv,
hypocentral location changes, Jh, station corrections, ds, boundary defledions, db, and
variations in inner core anisotropy, da, may be written in matrix form as

0t=Vov +HOh+Sds+Bdb+ Ada, 8



where V, H, S, B and A contain the partial derivatives of the travel time with respect to
velocity variation, earthquake locations, station corrections, boundary deflections and inner
core anisotropy deviations, respectively”®.

A least-squares technique can be used to solve equation (8)™®. However, the excessive
number of outliers often found in traveltime data sets may lead to a violation of the basic
assumptions underlying the least squares (normally distributed errors). The approach we

adopt is based upon the minimization of the | * norm of the residual vector®. In our particular
application, we set p =1.25, which is derived from an analysis of our composite data set™*.
Defining M:[V HSB A] and 6x:[6v on & b Ja]Twe write the | residual norm
minimization problem in a compact form as

L p
manZ|mij5Xj —5ti| , (9)
i=1j=1
where m is the total number of constraints and n is the total number of parameters. The solu-
tion of (9) can be carried out by repeatedly solving a weighted system of linear equations'
N"*Md x = N"?5t, (10)

where the weights or scaling contained in N'/?are varied systematically. The matrix N'/*is
diagonal and itsi-th diagonal element is

n
V2 = .. . =5t P72
n; |]Zlm|J5XJ 5t| | . (1])
The solution of (10), Jdx, is used to compute the set of scaling factors in (11), the
equations are rescaled and (10) is solved again. The procedure is repeated until satisfactory
convergence is achieved. If we define G = N"/*M and &d = N'/?6 , we can write,

Gdx=4d, 12
whose approximate solution, dx, can be computed by means of the generalized inverse of G,
dX =V, I Ugod. 13

M odel Assessment

Model parameter resolution is a quantitative measure of averaging or blurring inherent
to model parameter estimates. If we asume that a “true” solution, dX, exists for (12), then we
can substitute od in (13) to obtain

X = GG OX =V, X = RX. 14
The elements of arow of R, the resolution matrix, are averaging coefficients that quantify the
contribution which all parameters make to the estimates. For a rank-k approximation of G, the
averaging results from retaining only k singular values and singular vedors, rather than the
full spedrum (r singular values and singular vectors).

The model covariance matrix contains measures of the uncertainties associated with
the model parameters as well as the mapping of the uncertainty between parameters. In
particular, the diagonal elements are the variances corresponding to the estimates. Assuming

that the data ae uncorrelated with uniform variance o2, we can write the model parameter
covariancematrix as C,, =0G, (G})" =gV, Z.2V, .

If one is only interested in calculating elements of R and C,, the amount of
computation can be reduced because only a subset of the singular values and corresponding



right singular values is required for those calculations. Also, to find a solution for (13) one
could alternatively use a least squares algorithm3141°,

3. THE COMPUTATION OF A PARTIAL SVD

In this section we outline the approach used to compute k singular values and singular
vectors of G. Algorithms for computing the SVD can be downloaded from Netlib™®, for
instance. However, the algorithms available in Netlib are intended for the computation of
either a small subset of singular values and singular vectors of sparse matrices'’ or the
complete set of singular values and singular vectors of full matrices'®.

The method we use in our applications is based upon a block version of the Lanczos

algorithmlg. Given asymmetric n-by-n matrix Aand Q =[q, d,...q,], where Q'Q=1 andp
is the block size, the block Lanczos algorithm generates a basis for the Krylov subspace
defined as X(AQ, j) = span(Q, AQ,... A”’Q).. In this subspace, A'"'Q converges towards
the eigenvectors associated with the p dominant eigenvalues of A asj increases. One of the
advantages of generating a basis for A(AQ,j) is that more than p approximations for

eigensolutions of A can be obtained as j increases. An important feature is that A is accessed
only as a matrix-vector product in the basis generation process.

For the computation of the SVD, onecanset A=G'G or A=GG' asindicated in (5).
One can choose the problem of smaller order to compute the shorter set of singular vectors,
say (5a) to compute V if m>n (which is the case in our applications). Given V, U can be

obtained as U = AVE ™. The algorithm we use is summarized in Algorithm 1%°. Note that the
product AQ; is carried out in two steps, a and b. Steps ¢ to e correspond to Gram-Schmidt

orthogonalizations, and in step f a modified Gram-Schmidt orthogonalization procedure can
be used to factor Ras Q,,,B ,,, where Q/,,Q,,, = | and B, is an upper triangular matrix“*.
After j iterations, the vectors Q can be arranged as Q; =[Q, Q,...Q;], where Q{Qi =1.
Then, Q{ AQ; =T,,where T, isablock symmetric tridiagonal matrix,
SR
T] = tr|d|@ml A2 see A] D, (16)
B, -+ Bj E

which means that the projection of problem (1), or equivalently (53), into Q; isgiven by T,.
An approximate solution (/T,Z) for (1), or equivalently (/T,\7) for (5a), is given by the Ritz
value A =6, and by the Ritz vector Z=Q;s , where (6;,s) is the solution of the reduced
eigenvalue problem T;s =65, i =12,... jxp. Usually, extreme eigenvalues (and corres-
ponding eigenvectors) of T, lead to good approximations of extreme eigenvalues (and corres-
ponding eigenvectors) of the original n-by-n~ problem with j<n. Convergence can be
monitored through the residual norm ) =|| AZ = AZ ||, which can be approximated at very low

cost by means of the quantities B;,,and § computed as the algorithm progresses™.

In finite precision arithmetic, a loss of orthogonality among the vectors of the basis
generated by the Lanczos algorithm is generally observed after some steps, which leads to the
convergence of spurious eigenvalues and eigenvectors™. However, several strategies can be



Algorithm 1. Block Lanczos Algorithm.

Set Q,=0,B =0. Choose Q, Q'Q, =1.
for j=212,... mx
a) S« GQ

b) R-G'S

¢) R—R-Q4B]

d A; - QR

€& R R-QjA;

f) R-QBju
end

implemented to monitor and keep the orthogonality within a certain level, such as selective
orthogonalization and partial orthogonalization’®. The implementation of such strategies
impliesin additional steps after step fin Algorithm 1%°.

The main disadvantage of Algorithm 1 isthat by using A=G'G the condition number
of G issquared and this can lead to numerical difficultiesif small singular values are wanted.
However, this may be advantageous when only the largest singular values are of interest, and
thisiswhat is sought in our applications. Another possibility for the computation of the SVD
of G is the bidiagonal formulation of the Lanczos agorithm applied to (6). In this case,
however, convergence of small singular values is ow because of the location of those values
in the center of the spectrum A =+0g. In addition, vectors of length m+n are required in
problem (6) and this can be a hurdle for very large problems. Alternatively, the bidiagonal
Lanczos algorithm can be rearranged to generate two basis of vectors of length mand n.

4. NUMERICAL RESULTS

In this section we show numerical results related with two models for the Earth. Table
1 shows the dimension of the numerical models and the number of non zero entries in the
corresponding matrices. In the first model, the Earth is parameterized by 22 depth layers of
1136 cells each. The lateral dimensions of the cells are 6°-by-6° at the equator. In the second
model, the Earth is parameterized by 12 layers of 1136x4, 3°by-3°, cells each in the mantle
and 10 layers of 1136, 6°-by-6°, cells each in the core.

All computations were performed in single precision on a 696 processors CRAY T3E-
900, 256 Mbytes of memory on each processor, available at NERSC. We used a parallel, MPI
based version, of Algorithm 1. A sparse format storage scheme is used for G. Although large,
G does not require much memory; in our implementation one processor reads G and distri-
butes it among the available processors. Each processor holds roughly the same number of
entries of G and matrix-vectors products involving G are performed in parallel. Conversely,
Q, isa full matrix and the memory it requires is proportional to jma; Q, Is distributed by
rows among the available processors. A similar strategy is used for V, which is also full.

Table 2 shows the number of steps, the total wall-clock time (in seconds) and the time
breakdown (in %) for the computation of 500 singular values and singular vectors of model 1

using Algorithm 1, for five values of p. We used 32 processors and required n <107 The
matrix-vector products dominate the costs, followed by the computation of converged Ritz



Table 1. Charaderistics of two models examined.

model m n non zeros
1 846968 96300 28587210
2 1433102 307134 47968477

Table 2. Time breskdown for the mmputation of 500singular values and singular vedors.

iterations and timings p=1 p=2 p=3 p=4 p=5
iterations 1293 671 460 352 289
total time 1270 1190 1110 1100 1170
matrix-vedor products (AQ,) 49.6% 50.5% 53.5% 54.3% 52.6%
basis generation (stepsc tof) 0.1% 0.2% 0.3% 0.4% 0.8%
reorthogonalization™*® 12.2% 11.5% 8.1% 7.7% 7.1%
reduced problem (Ts=6s) 19.7% 16.4% 15.0% 131% 13.2%
Ritz vedors (gs) 18.3% 21.4% 23.0% 24.5% 26.3%

vedors, solution of the reduced eigenvalue problems, and reorthogonalization operations.
Realing and distributing G among the processors takes roughly 2 minutes. We would like to
point out that similar calculations with p=1 required several weeks on a Sun workstation®.

Therefore, the &ove timings indicate aspeead-up of orders of magnitude.
In order to compute alarge number of singular values and singular vedors for larger

models, such as model 2, we use Algorithm 1 only to generate Q. Teds for convergence ae
not performed, which means that we solve Ts=6s and compute singular vedors in a post-
processing phase. This grategy allows us to save cmputing time and the memory required to
store @genvedors of T and Ritz vedors Qs. In addition, we can save Q and restart the

algorithm to add more vedors if neaded. With this approach we were ale to compute up to
20000 vedors for model 2 by means of four restarts, usng from 64 pocessors (10000
vedors, 6 hours of wall-clock time) to 256 pocessors (2000 vedors, 2 hours of wall-clock
time). That number of vedors requires roughly 50 Gbytes of disk space We use parallel 10
feaures implemented in MPI-2 to read and write the vedorsinto a (binary) file.

Figure 1 shows the distribution of \//\TI for model 2, for four values of k. The right end

of the arves become flat as k increases, which means that small singular values begin to
converge. In general, the first third part of each curve, i.e., (6,,5),1<i<k/3, leal to good

approximations of singular values and singular vedors, the remaining S lead to linear combi-
nations of singular vedors that are orthogonal to the ones that have cnverged. We have

explored this property in our cdculations, by using \7k =@, S, where § =[S'S,... Sl
rather than V,. In Figure 2 we plot diag(R) for model 2. As k increases R becomes more

diagonal dominant, indicating where the model has been well resolved. We chose a ctt-off of
1/10000f the pe&k spedral amplitude in the alculations, which means that only the vectors
corresponding to the values above the ait-off were used to compute R. The model parameter
resolution, diag(R), for portions of the mantle for P waves with k=9965is shown in Figure
3, darker tones signify higher resolution. The velocity heterogeneity we estimate is shown in
Figure 4 also for P waves. The shallow mantle (35200 km) is dominated by high velocities
asociated with cratons and a circum-Padfic low-velocity ring.



Figure 1. Ritz valuesdistribution for model 2, k=5000, 10000, 15000 and 20000.

Figure 2. Diagonal entries of R for model 2, k=4986, 9965, 14935 and 19890.

diag(R), k=4986 diag(}, k=9965

! x10° ! x10°

% 10°

5. CONCLUSIONS

With the advent of a large set of seismic data collected in the last decades, as well as
the implementation of efficient numerical algorithms on high performance parallel computers,
very large inverse problems in Geophysics can now be tackled. In this paper we showed a few
examples where the SVD plays an important role. It remains to be investigated, however, how
our calculations compare, in terms of computational costs and accuracy, with other
approaches which use least squares based techniques for the computation of resolutions and

covariancet 31415,



Figure 3. Resolution estimates for the mantle.
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Figure 4. Compressional velocity estimates for the mantle. The lateral variation in velocity
are displayed in per cent deviation from the background ak135 velocity model .
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